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The effect of bulk magnetic susceptibility (BMS) on solid
state NMR spectra of paramagnetic compounds was investi-
gated theoretically and experimentally. The BMS shift was
calculated for cylindrical and spherocylinderical containers
with some ratios of the length L and the diameter D. The results
show the best resolution can be obtained by using a long cylin-
drical sample container with L/D > 10 and by exciting only the
region near the center of the container. The effect of the ran-
dom orientations and distributions of crystallites in a powder
sample was also calculated according to a model proposed by
Schwerk et al. [J. Magn. Reson. A 119, 157 (1996)] with remov-
ing the Fermi contact term from their model. Static and the
magic-angle spinning 13C NMR spectra were recorded on two
paramagnetic compounds of Ln(C2D5SO4)3 z 8H2O where Ln 5
Pr, Yb. The modified theory predicts the BMS broadening of the
experimental spectra very well. © 1998 Academic Press
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INTRODUCTION

Bulk magnetic susceptibility (BMS) of a sample produces a
demagnetizing field and causes a shift of NMR resonance
frequency (1, 2). This shift depends on the shapes of interface
where magnetic susceptibility changes discontinuously and on
the distances between the observed nuclei and the interface.
The quantitative estimate of this field is an important issue in
NMR imaging of lung tissue and trabecular bones (3, 4). In
solid-state magic-angle spinning (MAS) NMR experiments,
randomly distributed demagnetizing fields in a powder sample
are known to cause broadening of resonance lines, if the bulk
magnetic susceptibility tensor is anisotropic (5, 6). This effect
has been known as the anisotropic bulk magnetic susceptibility
(ABMS) effect. However, the demagnetizing field can also
distort the spinning sideband pattern of a MAS NMR spectrum
or the envelope of a static powder NMR spectrum and makes
it difficult to determine the principal values of paramagnetic or
chemical shift tensor accurately (7–10). It is due to the fact that

the demagnetizing field or the so-called BMS shift is a tensorial
interaction. This BMS effect can appear, even if the bulk
magnetic susceptibility of a crystal is isotropic.

In a recent publication, a model was proposed to calculate
the ABMS and the BMS effects on static and MAS NMR
spectra of a powder sample (10). The theoretical values were
compared with1H NMR spectra of small molecules absorbed
on a diamagnetic zeolite. These ABMS and BMS effects are
expected to be more significant in paramagnetic samples. In
one of our previous studies, we have also encountered diffi-
culties in simulating2H two-dimensional NMR spectra of a
paramagnetic lanthanide compound and have attributed the
reason for the error to the BMS effect (11). In the present
study, the model proposed in Ref. (10) is reexamined by
comparing it with experimental results on paramagnetic lan-
thanide ethylsulfates, for which single-crystal X-ray diffraction
(12) and magnetic susceptibility (13–15) data are available and
thus the theoretical calculation of the ABMS and the BMS
effects are possible. We also consider the effect of shapes of
sample containers. This effect has been known to affect the line
shape of nuclear acoustic resonance of183W in a cylindrical
single crystal tungsten metal specimen (16). Great attention has
been also paid to this effect on the resolution of solution-state
high-resolution NMR experiments (17–19). If the sample is
diamagnetic, the BMS effect due to a sample container can be
removed by MAS (19). However, for strong paramagnetic
samples we will show here that this effect can appear as
spinning sidebands of MAS NMR spectra. To measure para-
magnetic shift tensors precisely or to observe the BMS shift
due to sample inhomogeneity and investigate microstructures
of inhomogeneous materials, this effect must be removed. We
will discuss how to remove the BMS shift due to a sample
container.

THEORY

The demagnetizing fielddH(r) caused by a single uniformly
magnetized region is given by the gradient of a magnetic scalar
potentialf (20):

dH ~r ! 5 2=f ~r !, [1]
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where

f ~r ! 5 ~1/4p ! E
S

|rS 2 r |21M z da~rS! . [2]

rS andr are a position on the surface of the magnetized region
and a position where the field is calculated, respectively,da is
a surface vector directed outward.M is the magnetization
inside the surface and is given by

M < x̂ ~S! z H 0, [3]

wherex̂(S) is the volume susceptibility tensor within a surface
S. If several magnetized regions exist, Eq. [2] has to be re-
placed by the sum of surface integrals. Equation [1] can be
written in the following form:

dH 5 2n̂ (r , S) z x̂ ~S! z H 0, [4]

wheren̂(r, S) is a demagnetizing tensor. Its componentsnab(r, S),
(a, b 5 x, y, z) are given by

nab~r, S! 5 ~1/4p!/raE
S

|rS 2 r |21dab~rS!

5 ~1/4p!E
S

|rS 2 r |23~rSa 2 ra!dab~rS!. [5]

The trace of a demagnetizing tensorTr{ n̂} does not depend
on the shape of the surfaceS. Taking the origin atr and using
Gauss’s law, we obtain

Tr$n̂~r!% 5 ~1/4p!E
S

rS
23rS z da

5 ~1/4p!E
V

= z ~r9/r93!dV9 5E
V

d~r9!dV9. [6]

Tr{ n̂} equals 1 whenr 5 (0, 0, 0) is inside the volumeV, and
0 when it is outside the volumeV. The demagnetizing tensor is
uniform and isotropic inside a sphere: the three principal values
of n̂ are given byn1 5 n2 5 n3 5 1

3
(20). Outside the sphere,

n̂ represents the field produced by a dipole located at the center
of the sphere:

n̂ ~r ! 5 ~V /4p !$1/r 3 2 3r tr /r 5% , [7]

whereV is the volume of the sphere and the origin ofr is the

center of the sphere. For the surface with a general shape, the
demagnetizing field must be calculated by a numerical inte-
gration of Eq. [5]. Analytical equations have been derived for
a rectangular parallelepiped and a triangular surface (3, 4).

We consider a model of a polycrystalline sample proposed in
Ref. (10). We assume that the polycrystalline sample can be
divided to homogeneously magnetized regions as shown in
Fig. 1. Spherical crystallites with an identical diameter are
assumed to occupy lattice positions of a FCC structure with a
probabilityp (Fig. 1b). In addition to their model, we place an
infinitesimal sphereS0 around an observed nucleus (Fig. 1a)
and consider the effect of a sample container (Fig. 1c). The
NMR resonance frequency at a positionr inside a sample is
proportional to the magnetic induction:

B in 5 m0$H 0 1 M 1 dH %

5 m0$1 1 x̂ ~S0! 2 O
i

n̂ ~r , Si ! z x̂ ~Si !%H 0, [8]

FIG. 1. Model of a polycrystalline sample. (a) Each crystallite is assumed
to be spherical. We suppose a sphereS0 with an infinitesimal radius which
encloses an observed nucleus. If there is a finite distribution of unpaired
electron spins on the nucleus, the magnetic susceptibility inS0, x̂(S0), is
nonzero.S1 is the Ewald sphere with a radius which is much smaller than the
size of the crystallite, but large enough so that the average over lattice points
converges. Inside the sphereS1, the magnetization due to unpaired electrons is
assumed to be localized in the spheresSk (k 5 1, 2,. . .), whereSk encloses the
kth paramagnetic metal ion. The magnetic susceptibility insideSk is given by
x̂(Sk) 5 x̂k

ion/VM, wherex̂k
ion is the susceptibility of thekth paramagnetic ion,

andVM is the volume ofSk. The magnetic susceptibility of the region outside
S0 andSk and insideS1 is assumed to be zero:x̂(S1) 5 0. The region outside
S1 and inside the crystalliteScrystal is assumed to be uniformly magnetized with
the volume susceptibilityx̂V 5 (Vunit cell)

21 (keunit cell x̂k
ion. (b) Spherical

crystallites with the same radius are assumed to form a face-centered cubic
lattice in a spherical container with a vacancy ratio (12 p). The magnetic
susceptibility tensor of each crystallite is assumed to be randomly oriented. (c)
In the sample container, we suppose a sphere which contains an observed
nucleus. The magnetic susceptibility outside this sphere but within the con-
tainer is assumed to be uniform and isotropic.
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where the sum is over all the regions shown in Fig. 1. One can
define a shift tensor as

d̂ ~r ! 5 x̂ ~S0! 2 O
i

n̂ ~r , Si !x̂ ~Si ! . [9]

This shift tensor includes the Fermi contact term,

d̂con 5
2
3

x̂ ~S0! , [10]

and the paramagnetic dipolar shift term,

d̂dip 5 ~1/4p ! O
k{S1

$3r k
t r k/r k

5 2 1/r k
3%x̂k

ion, [11]

wherex̂k
ion is the susceptibility tensor of thekth paramagnetic

ion in S1, andrk is the vector from the observed nuclei to the
kth paramagnetic ion. These two termsd̂con andd̂dip are deter-
mined by the molecular and crystal structures. The rest is
defined as a BMS shift tensor, which depends on the packing
of a polycrystalline sample or the shape of a sample container.
The BMS shift tensor due to this polycrystalline effect is
defined for a spherical sample container and is given by

d̂BMS
polycryst~r ! 5 ~1/4p ! O

j

pj @3~r j 2 r !~t r j 2 t r !/|r j 2 r |5

2 1/|r j 2 r |3] x̂ V
j Vcryst, [12]

wherer j indicates the position of the center of thejth crystal-
lite, x̂ V

j is the volume susceptibility of thejth crystallite, and
Vcryst is the volume of the spherical crystallite.pj is a random
variable which takes 0 or 1, and the average ofpj over j
corresponds to a packing probabilityp. The summation overj
is taken for all the crystallites in a spherical sample container
except the crystallite which contains the observed nucleus. In
Ref. (10), the effect of this crystallite is also included in the
BMS shift. However, our treatment shows that it should be
included in the Fermi contact shift.

The effect of a container surface is defined as the deviation
from a spherical container. We subtracted the spherical region
which includes the observed nucleus from the sample container
(see Fig. 1c). The magnetic susceptibility of the shaded region
is assumed to be isotropic and is given byxV

iso,sample. The BMS
shift tensor is written as

d̂BMS
container(r ) 5 xV

iso,sample$1/3 2 n̂ ~r , Scontainer!% . [13]

In the above model of polycrystalline samples, the isotropic
susceptibility isxV

iso,sample5 0.74pxV
iso,cryst, wherexV

iso,cryst is
an isotropic volume susceptibility of a individual crystallite
and the factor 0.74 is the maximum packing density of a FCC

lattice.Scontaineris the outer surface of the sample container. If
Scontaineris a sphere, Eq. [13] is zero.

EXPERIMENTS

Ba(C2D5SO4)2 z 2H2O was prepared according to the liter-
ature (21). Twenty milliliters of ethanol-d6 were added to 18
ml of sulfuric acid with stirring and cooling and the solution
was stirred for 2 days at 40°C. The solution was neutralized by
adding BaCO3 with cooling to 0°C and the precipitate of
BaSO4 was removed by centrifugation and filtration. White
crystals precipitated when the solution was concentrated. Re-
crystallization from water gave 17 g of Ba(C2D5SO4)2 z 2H2O.
Lanthanide ethylsulfates (Ln(C2D5SO4)3 z 8H2O, Ln 5 Pr, Yb)
were prepared by stirring 5 g of thebarium ethylsulfate with
the corresponding amount of lanthanide sulfates in 20 ml of
water (22). After removal of the precipitate of barium sulfate,
the solution was concentrated by evaporation at room temper-
ature to give the lanthanide compounds, which were purified
by recrystallization from water.

All the 1H and 13C NMR experiments were performed at
room temperature on a CMX300 spectrometer operating at
300.46 and 75.56 MHz for1H and13C, respectively, with a 7.5
mm f spinner double resonance probe supplied from Chemag-
netics. The RF field amplitude used for all the experiments was
50–60 kHz for both1H and13C.

As reported on europium acetate and sodium neodymium
ethylenediaminetetraacetate (23), continuous-wave (CW)1H
decoupling was found not to be effective to the lanthanide
ethylsulfates because of the wide spread of1H resonance
frequencies caused by the paramagnetic ions. The static13C
NMR spectra of the lanthanide ethylsulfates were recorded
under frequency-switched1H decoupling, whose frequency is
switched everyt among three different1H offsets,2f, 0, and
f, while the phase and the amplitude are kept constant. The time
t was fixed to thep-pulse length on resonance. The offset
frequencyf was chosen to maximize the amplitude of a Hahn
echo observed under the frequency-switched decoupling. For
the Pr compound, the echo amplitude became the largest atf 5
50 kHz when the RF field strength was 60 kHz. For the Yb
compound, no significant change of the echo amplitude was
observed whenf was varied. The transverse relaxation timeT2

was measured using the Hahn echo sequence under the fre-
quency-switched1H decoupling. They were about 2 and 1 ms
for the static powder samples of the Pr and Yb compounds,
respectively. These values were about 100% and 10% longer
than theT2 in non-decoupling experiments. The CW1H de-
coupling gaveT2 values between those of the above two
experiments.

We also measuredT2 of the Pr compound under MAS. They
were in the following order: CW-decoupling (0.6 ms), fre-
quency-switched decoupling (7 ms), non-decoupling (12
ms). Thus, we recorded MAS spectra without1H decoupling.
In a normal MAS spectrum of the Yb compounds, the spinning
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sidebands of the methyl and the methylene signals overlap
severely. We used the five-pulse PASS sequence (24, 25) to
separate sidebands with different orders.

RESULTS AND DISCUSSION

First we discuss the effect of a sample container on a
static NMR spectrum. We consider here cylindrical and
spherocylindrical containers with a lengthL and a diameter
D; the spherocylinder withL 5 D is a sphere. The angle
between the cylinder axis and the static magnetic field is
assumed to be the magic angle of 54.7°. We used a cylin-
drical coordinate fixed to the container and calculated the
demagnetization tensorn̂(r, Scontainer) at r 5 (x 0 z), where
x and z are varied within the range of 0# x # D/2 and
2L/2 # z # L/2. If r is in thexz-plane, they-axis is one of
the principal axes ofn̂(r, Scontainer). Analytical solutions
exist for the integration over the cylindrical axisz within the
side plane of either a cylinder or a spherocylinder, as well as
for the radial integration on the top and bottom planes of a
cylinder (16), which are shown in Appendix A. The integrals
over the other coordinates are calculated numerically. In Ap-
pendix B, we show that the demagnetizing tensor is symmetric
for an arbitrary closed surface. The numerically calculated
tensorn̂(r, Scontainer) was almost perfectly symmetric so that the
error of the numerical integration must be sufficiently small.

In MAS NMR experiments, the static magnetic field is
inclined by 54.7° from the cylinderical rotor axis, which is
parallel to a Helmholtz coil. The unit vector parallel to the
static field is given byeh 5 (=2/3 cosg,=2/3 sin g, 1/=3) in
the coordinate system fixed to the cylinder. The BMS shift is
given by

dBMS
container,MAS5 2$C1cosg 1 C2cos 2g%xV

iso,sample [14a]

with

C1 5 Î2/3~nxz 1 nzx! [14b]

C2 5 1/3~nxx 2 nyy! [14c]

Figure 2 shows the contour plots of these coefficientsC1 and
C2 in a long cylinder (L/D 5 10) and in an almost spherical
spherocylinder withL/D 5 1.05. The magnitudes of these
coefficients are comparable in both containers and have the
maximum values near the top and the bottom edges of the
cylinder or near the side plane of the spherocylinder. Experi-
mentally it is much easier to make a cylindrical sample con-
tainer than a perfect spherical container. It is advisable to use
a long cylindrical sample container for colloid and liquid
crystalline samples and a long cylindrical crystal for single
crystal experiments. However, for ordinary powder samples,
the polycrystalline effect is much larger than the effect of a
sample container. As is well known (16–19) and shown in

Appendix A, the demagnetizing tensor is uniform in thexy-
plane near the center (z > 0) of an infinitely long cylinder.
When the cylindrical axis is inclined by the magic angle from
the static magnetic field direction, this uniform shift is zero.
Figures 2a and b show that the two coefficientsC1 and C2

approach to zero when an observed position becomes apart
from the top and bottom planes.

Figures 2a and b can be used to estimate the BMS shift due
to a cylindrical container with an arbitraryL/D ratio less than
10. For example, the shift due to a container withL/D 5 4 can
be estimated from those in the region of 6, z , 10 in the
figures. More than 50% of this sample region is affected by a
BMS shift of magnitude less than 0.01xV

iso,sample. Figures 2a
and b show that the BMS shift becomes large near the top and
the bottom planes of the cylinder (17–19). It is shown in
Appendix A that the coefficientC1 diverges at the edge of the
cylinder. If the whole region of a cylinder is observed, these
regions yield broad components in static spectra and in spin-
ning sidebands of MAS spectra. Such broadening can be re-
moved, if the signal only from the central part of a cylinder is
observed by using a susceptibility-matched glass spacer or a H1

selective pulse (26, 27). The former technique is used in com-
mercial sample tubes for high-resolution solution NMR, but is
not popular for solid state NMR. For example, if the region
more than 2.5D apart from the top and bottom planes is
observed, the BMS shift is expected to be less than 1023

xV
iso,samplefrom Figs. 2a and b.
To confirm the above results, we measured1H static and MAS

NMR spectra of 1 M water solutions of Dy(NO3)3 z 9H2O filled
in cylindrical containers with someL/D values, and also calcu-
lated the spectra for the same sample configurations. The value of
590 ppm for the isotropic volume susceptibility of the sample,
xV

iso,sample, was used in the calculation, which was obtained by
a free ion approximation (28). The results are shown in Fig. 3.
The agreements between the experimental and the calculated
spectra are satisfactory. The full width at half maximum
(FWHM) of the experimental and the calculated static NMR
spectra, which are expressed in the unit ofxV

iso,sample, are 33
1022 and 63 1022 for L/D 5 0.8 (a) and (d), 73 1023 and
3 3 1023 for L/D 5 3.3 (b) and (e), and 2.23 1023 and 33
1025 for L/D 5 12 (c) and (f ), respectively. The FWHM of the
experimental spectrum (c) is much larger than the calculated
value, while it is almost equivalent to the value 240 Hz calcu-
lated from the measuredT2 of 1.3 ms. The MAS NMR spectra
of (a), (b), (d), and (e) show the spread of spinning sidebands
which is similar to the envelope of the static spectra. A signif-
icant number of sidebands are observed even for a container
with L/D 5 3.3 (b). However, as shown later, the polycrystal-
line effect has the magnitude ofdBMS

polycryst' 0.25xV
iso,cryst, being

much larger thandBMS
container. In the present work, we used

containers withL/D ' 4 for powder samples.
Next, we calculate the effect of a randomly oriented poly-

crystalline sample on the basis of the model described in the
previous section and in the reference (10). The lineshape is
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assumed to be Gaussian and the FWHM can be obtained from
the second momentM2 by using

FWHM 5 2Î2 ln 2M2. [15]

When the FCC lattice is assumed to be randomly oriented to
the static magnetic field, the second moment is given by

M2
static5 Vcryst

21 E
Vcryst

dr $@d11,BMS
polycryst~r !2 1 d22,BMS

polycryst~r !2

1 d33,BMS
polycryst~r !2]/5 1 @d11,BMS

polycryst~r !d22,BMS
polycryst~r !

1 d22,BMS
polycryst~r !d33,BMS

polycryst~r !

1 d33,BMS
polycryst~r !d11,BMS

polycryst~r !]/15} [16]

whered jj ,BMS
polycryst(r) ( j 5 1, 2, 3) are the principal values of a tensor

d̂BMS
polycryst(r). The magnetic susceptibility tensorx̂V

j of each crys-
tallite is assumed to be axially symmetric with a random orienta-
tion and a common anisotropy. Figure 4a shows the plot of the
FWHM scaled by the isotropic susceptibilityxV

iso,cryst against a
packing probabilityp and the anisotropyDx 5 (xV\

cryst 2 xV'
cryst)/

xV
iso,cryst. The values forDx 5 0 are quite similar to those reported

in Ref. (10). In our present calculation, however, the FWHM
increases more slowly as |Dx| increases than that shown in Ref.

FIG. 2. Calculated distribution of the bulk magnetic susceptibility shift tensor in a cylindrical container withL/D 5 10 (a, b) and in a spherocylinder with
L/D 5 1.05 (c, d). The coefficientsC1 andC2 defined by Eq. [14] are shown in (a), (c), and (b), (d), respectively. They were calculated within anxz-plane (y 5
0), wherex andz are the radial and the cylindrical coordinates, and the origin is the center of the container. Only the upper-right quadrant is shown.
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(10). The difference may arise from the fact that Eq. [12] does not
include the contribution of the crystallite which contains the
observed nucleus. Whenp approaches zero, the FWHM also
becomes zero, since in this limit there is no crystallite close to the
observed one enough to cause any line broadening, and inside a
sphere, the demagnetizing field is uniform.

The FWHM of MAS NMR spectra can also be calculated by
assuming the Gaussian lineshape from the second moment

M2
MAS 5 Vcryst

21 E
Vcryst

dr @Tr $d̂BMS
polycryst~r !%#2/9 . [17]

By using Eq. [12] this equation can be rewritten as

M2
MAS 5 ~xV

iso,crystDx/12p!2Vcryst
21 E

Vcryst

dr @O
j

pj

3 $3@x j z ~rj 2 r !#2/|rj 2 r !|5 2 1/|rj 2 r |3}] 2, [18]

wherex j is the unit vector parallel to the unique axis ofx̂ V
j

with a random orientation. Figure 4b shows the FWHM scaled
by |xV

iso,crystDx|. The FWHM increases monotonically as the
packing probabilityp increases.

To confirm the validity of the above calculations we have
recorded 13C NMR spectra of Pr(C2D5SO4)3 z 9H2O and
Yb(C2D5SO4)3 z 9H2O. Figs. 5 and 6 show the static NMR
spectra and Figs. 7 and 8 show the MAS NMR spectra. For
these samples, the X-ray structural data (12) and the magnetic
susceptibility data (13–15) of single crystals are available. The
crystal structure of either compound isP63/m with Z 5 2, and
each of the two [Ln(H2O)9]

31 ions has the 3# axis in parallel to
the crystallographic 63 axis. Thus, the magnetic susceptibility
tensor of each ion is proportional to the macroscopic suscep-
tibility of the crystal when a diamagnetic correction is ignored.
These two compounds have different magnitudes of the anisot-
ropy Dx, which are 0.03 and20.24 for the Pr and the Yb
compounds, respectively.

The theoretical spectra that do not include any BMS broad-
ening have been calculated as follows: The paramagnetic di-
pole shift tensors are calculated by using Eq. [11] and added to
the chemical shift tensors taken from literature (29, 30). The
principal values of the chemical shift tensor are (d11/ppm,
d22/ppm,d33/ppm)5 (29, 16, 5) for a methyl carbon and (86,
79, 31) for a methylene carbon. The principal axes along the
most-shielded directions were assumed to be perpendicular to
the C–C–O plane. Those along the least-shielded directions
were assumed to be parallel to the C–C bond for the methyl

FIG. 3. Effect of a cylindrical sample container on static (z z z ) and MAS (—) NMR spectra. (a), (b), and (c) show the1H NMR spectra of a 1 M water solution
of Dy(NO3)3 z 9H2O observed at a resonance frequency of 300.46 MHz in cylindrical containers with a length (L) and a diameter (D) of L 5 3.2 mm andL/D 5 0.8
(a), L 5 13.2 mm andL/D 5 3.3 (b), andL 5 24 mm andL/D 5 12 (c), respectively. The length of the RF coil is about 11 mm. (d), (e), and (f) are the calculated
spectra corresponding to the experimental spectra (a), (b), and (c), respectively. The horizontal axis in (d), (e), and (f) represents a BMS shifts scaled by the isotropic
volume susceptibility of the sample. The MAS NMR line broadening was given by the Lorentzians lineshape withT2 5 1.3 ms determined by a Hahn echo experiment.
The static spectra were calculated without any convolution. The spectra (d) and (e) were calculated by assuming that all the region in the cylindrical container was excited,
while the spectrum (f) was calculated by assuming that 50% of the whole region around the center was excited.
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carbon and to the C–O bond for the methylene carbon. The
calculated static NMR spectra of powder samples are shown in
Figs. 5a and 6a. Figures 5b and 6b show the spectra also taken
account of the13C–2H dipolar interactions between the directly
bonded13C–2H spins by assuming the dipolar coupling con-
stants of 21.1 kHz and 3.5 kHz for the methyl and the
methylene carbons. The spectra (b) were convoluted with the
Gaussian lineshapes with some FWHM values, and the results
are shown with the experimental spectra in Figs. 5c and 6c. The
best fit Gaussian FWHM are 40 and 80 ppm for the Pr and the
Yb compounds, respectively.

Next we estimated the theoretical values of the BMS
broadening due to the polycrystalline effect. The packing
density of either powder sample was estimated to be 0.8 by
comparing the weight of water and the sample filled in a
rotor. It is slightly larger than the packing density of 0.74 for
spheres in a FCC lattice. This larger density of the real
powder sample can be explained either by the distribution of

the crystallite size or by the nonspherical forms of the
crystallites. The theoretical FWHM can be estimated either
by using p 5 0.8 and multiplying a factor of 1/0.74 to
x V

iso,cryst, or by using p 5 1 and multiplying a factor of
0.8/0.74 tox V

iso,cryst. These two methods give values for the
FWHM of 55 and 32 ppm for the Pr compound and 90 and
54 ppm for the Yb compound, respectively. In our samples,
water protons are not deuterated. The FWHM due to the
average water proton13C–1H dipolar couplings were calcu-
lated as 20 and 30 ppm for the methyl and the methylene
carbons, respectively, at the static magnetic field applied in
our experiment. If the frequency-switched decoupling used
in the experiments is inefficient and these interactions are
retained, the average second moment (202 1 302)/2 ppm2

must be added to the second moment due to the polycrys-
talline effect. Then the theoretical values of the FWHM for

FIG. 4. The calculated FWHM of static and MAS NMR spectra due to the
polycrystalline effect. (a) The FWHM of the static spectrum scaled by the
isotropic magnetic susceptibility of the crystal,xV

iso,cryst, is plotted as a function
of the packing probabilityp and the anisotropy of the magnetic susceptibility
Dx 5 (x V\

cryst 2 x V'
cryst)/x V

iso,cryst. (b) The FWHM of the MAS spectrum scaled
by |xV

iso,crystDx| is plotted as a function ofp.

FIG. 5. Comparison of experimental and calculated static13C NMR
spectra of Pr(C2D5SO4)3 z 9H2O at the13C resonance frequency of 75.56 MHz.
(a) is calculated by taking account of the chemical shift and the paramagnetic
dipolar shift interactions. In addition, the13C–2H dipolar interactions between
the bonded nuclei are included in (b). The solid line (—) in (c) is the
experimental spectrum observed by a the frequency-switched1H decoupling
with offset frequencies (250, 0, 50 kHz), an RF field strength of 60 kHz, and
a cycle time of 30ms. After one decoupling cycle ap-pulse was applied to the
13C spins and the echo signal was observed; 17,280 free induction decays were
accumulated with a recycle delay of 7 s. The probe background signal was
recorded by separate scans and was subtracted from the observed spectrum.
Gaussian convolutions of the spectrum (b) were calculated with FWHM of 20,
40, and 80 ppm and are shown in (c) by (–z –), ( z z z ), and (- - -), respectively.
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p 5 0.8 and p 5 1 become 61 and 41 ppm for the Pr
compound and 94 and 60 ppm for the Yb compound, re-
spectively. These values are comparable to the experimental
values.

We have also recorded13C MAS NMR spectra for both
these compounds and show them in Figs. 7 and 8. We observed
the spectra without1H decoupling because1H decoupling is
known to introduce an extra broadening to MAS NMR spectra
(23). In the Pr and Yb compounds, the anisotropies of the
paramagnetic dipolar shifts of the water protons are very large
and have the values of 800–1100 ppm and 1600–1800 ppm,
respectively. The spin diffusion among these protons can be
suppressed owing to the difference in the principal axis direc-
tions of the paramagnetic shift tensors. Thus, the13C–1H
dipolar broadening can be considered as inhomogeneous

broadening as pointed out by Raleighet al. (23). The effect of
these1H spins on the linewidth of13C MAS NMR spectra
recorded without1H decoupling can be neglected. In Figs. 7
and 8 the FWHM of the experimental spectra are 1.4 and 1.6
ppm for the methyl and the methylene carbons of the Pr
compound, respectively, and 12.5 ppm for both peaks of the
Yb compound. The theoretical values were calculated to be 1.0
and 13 ppm for the Pr and the Yb compounds, respectively, and
agree very well with the experimental ones. We confirm that
Schwerk’s model (10) modified in this work can predict the
BMS line broadening of static and MAS NMR spectra of
paramagnetic solids.

CONCLUSIONS

The expression for the BMS shift tensor has been derived by
removing the contributions from the Fermi contact shift and the

FIG. 7. 13C MAS NMR spectrum of Pr(C2D5SO4)3 z 9H2O at the13C
resonance frequency of 75.56 MHz. The spectrum was recorded by a single
pulse without1H decoupling; 5728 transients were accumulated with a recycle
delay of 10 s. The dotted line is a spectrum calculated by taking account of the
polycrystalline effect. The line position is shifted for appearance. The spinning
frequency was 3.1 kHz.

FIG. 6. Comparison of experimental and calculated static13C NMR
spectra of Yb(C2D5SO4)3 z 9H2O at the13C resonance frequency of 75.56
MHz. (a) is calculated by taking account of the chemical shift and the
paramagnetic dipolar shift interactions. In addition, the13C–2H dipolar inter-
actions between bonded nuclei are included in (b). The solid line (—) in (c) is
the experimental spectrum observed by the frequency-switched1H decoupling
with offset frequencies (250, 0, 50 kHz), an RF field strength of 60 kHz, and
a cycle time of 30ms. After one decoupling cycle ap-pulse was applied to the
13C spins and the echo signal was observed; 86,208 free induction decays were
accumulated with a recycle delay of 2 s. The probe background signal was
recorded by separate scans and was subtracted from the observed spectrum.
Gaussian convolutions of the spectrum (b) were calculated with the FWHM of
40, 80, and 120 ppm and are shown in (c) by (–z –), ( z z z ), and (- - -),
respectively.
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dipolar shift. The BMS shift due to the random distributions and
orientations of crystallites in polycrystalline samples has been
calculated by modifying the model proposed by Schwerket al.
We eliminated the contribution of the Fermi contact shift from
their expression. When the crystallites occupies 80% of a FCC
lattice randomly, FWHM of the static and MAS spectra have been
calculated as 0.24xV

iso,cryst (for Dx 5 0) and 0.14|xV
iso,crystDx|,

respectively. Schwerk’s model with our modification has pre-
dicted the BMS broadening of the static spectrum and also the
ABMS broadening of the paramagnetic lanthanide ethylsulfates
very well.

The BMS shifts are also calculated for cylindrical and
spherocylindrical sample containers, of which the cylinder
axes are directed at the magic angle from the static magnetic
field. A long cylindrical container withL/D 5 10 was found
to have a similar magnitude of the BMS shift as a nearly
spherical (L/D 5 1.05) spherocylinder. Since the BMS shift
becomes large only near the edge of a cylinder, the BMS
shift due to the sample surface can be removed almost
completely if we use a long cylinder and excite the spins
near the center of the cylinder.

APPENDIX A

The Demagnetizing Tensor for a Cylindrical
Sample Container

We assume that the length and the diameter of a cylindrical sample
container are given byL 5 2l andD 5 2R, respectively. We use the
cylindrical coordinate and express a point on the side plane and a
point on the top or bottom plane byrS 5 (Rcosf, Rsinf, z9) and
rS 5 (r cosf, r sinf, 6 l ), respectively, and calculate the demag-
netizing tensorn̂(r, Scylinder) at r 5 (x, 0,z). The analytical forms of
the tensor components are obtained for the integration overz9 andr
(16), if we recall that the following integrals can be solved by
changing the variable in the integrals fromt to u usingt 5 a tanu:

E
t0

t1 dt

~Îa2 1 t2!3 5
1

a2 H t1

Ît1
2 1 a2 2

t0

Ît0
2 1 a2J ,

E
t0

t1 tdt

~Îa2 1 t2!3 5
1

Ît0
2 1 a2 2

1

Ît1
2 1 a2,

E
t0

t1 t2dt

~Îa2 1 t2!3 5 lnU Ît1
2 1 a2 1 t1

Ît0
2 1 a2 1 t0

U 2
t1

Ît1
2 1 a2 1

t0

Ît0
2 1 a2.

The results are given by

nxx~r , Scylinder! 2 nyy~r , Scylinder!

5
R

4pE
0

2p

df
2R cos2f 2 x cosf 2 R

R2 1 x2 2 2Rx cosf

3 H ~l 2 z!

Î~l 2 z!2 1 R2 1 x2 2 2Rx cosf

1
~l 1 z!

Î~l 1 z!2 1 R2 1 x2 2 2Rx cs fJ , [A1]

nzz~r , Scylinder!

5
1

4pE
0

2p

df H l 2 z

x2sin2f 1 ~l 2 z!2

3 F Rx cosf 2 x2 2 ~l 2 z!2

ÎR2 1 x2 1 ~l 2 z!2 2 2Rx cosf

1 Îx2 1 (l 2 z)2G 1
l 1 z

x2sin2f 1 ~l 1 z!2

3 F Rx cosf 2 x2 2 ~l 1 z!2

ÎR2 1 x2 1 ~l 1 z!2 2 2Rx cosf

1 Îx2 1 (l 1 z)2GJ , [A2]

FIG. 8. 13C MAS NMR spectrum of Yb(C2D5SO4)3 z 9H2O at the13C
resonance frequency of 75.56 MHz. The spectrum was recorded by a five-pulse
PASS sequence (25) without 1H decoupling. The spinning frequency was 3.1
kHz; 1024 transients are accumulated for each experiment with a recycle delay
of 10 s. The four subspectra show well-resolved sidebands separated by the
four multiples of the spinning frequency. The numbers on the spectra show the
orders of the spinning sidebands. The dotted line is a spectrum calculated by
taking account of the polycrystalline effect. The line position is shifted for
appearance.
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nzx~r , Scylinder!

5
R

4pE
0

2p

cosf df H 1

Î~l 1 z!2 1 R2 1 x2 2 2Rx cosf

2
1

Î~l 2 z!2 1 R2 1 x2 2 2Rx cosfJ , [A3]

nxz~r , Scylinder! 5
1

4pE
0

2p

df

3 3cosf 5 ln|
ÎR2 1 x2 2 2Rx cosf 1 ~l 2 z!2

1 R 2 x cosf

Îx2 1 ~l 2 z!2 2 x cosf
|

2 ln|
ÎR2 1 x2 2 2Rx cosf 1 ~l 1 z!2

1 R 2 x cosf

Îx2 1 ~l 1 z!2 2 x cosf
|6

2 HR cosf $2x2sin2f 1 ~l 2 z!2%
2 xsin2f $ x2 1 ~l 2 z!2%

x2sin2f 1 ~l 2 z!2
J

3
1

ÎR2 1 x2 2 2Rx cosf 1 ~l 2 z!2

1 HR cosf $2x2sin2f 1 ~l 1 z!2%
2 x sin2f $ x2 1 ~l 1 z!2%

x2sin2f 1 ~l 1 z!2
J

3
1

ÎR2 1 x2 2 2Rx cosf 1 ~l 1 z!2

2 x sin2f 5 Îx2 1 ~l 2 z!2

x2 sin2f 1 ~l 2 z!2 2
Îx2 1 ~l 1 z!2

x2sin2f 1 ~l 1 z!264 .

[A4]

If the cylinder is infinitely long, the demagnetization tensor
at z 5 0 approaches the following:

nxx~r , Scylinder! 2 nyy~r , Scylinder!3

R

2pE
0

2p

df
2R cos2f 2 x cosf 2 R

R2 1 x2 2 2Rx cosf
. [A5]

By using the following formula, we can show that this integral
is zero inside the cylinder |x| , R:

E
0

2p

df
1

1 1 a cosf
5

2p

Î1 2 a2 , |a | , 1 . [A6]

The other matrix elements also become zero whenz 5 0 and
l3 ` in Eqs. [A2]–[A4]. The demagnetization tensor inside an
infinitely long cylinder is uniform and given bynxx 5 nyy 5
1/2, nzz 5 0 near the center. The BMS shift is given by

dBMS
container5

1

6
~3 cos2U 2 1!xV

iso,sample, [A7]

whereQ is the angle between the static magnetic field and the
cylinder axis. WhenQ is the magic angle, the shift is zero.

On the top plane of an infinitely long cylinder, (x 0 z) 5 (x
0 l ) and l 3 `, Eqs. [A1] and [A2] become zero, while Eq.
[A3] becomes

nzx~r , Scylinder!3 2
R

4pE
0

2p cosfdf

ÎR2 1 x2 2 2Rx cosf
. @A9#

At the edge of the top plane (x 5 R), this equation is rewritten as

nzx~r , Scylinder! 5 2
1

8pE
0

2p

df
cosf

Î~1 2 cosf !/ 2

5 2
1

4pE
0

p

df
1 2 2 sin2~f / 2!

sin~f / 2!

5 2` . [A10]

The coefficientC1 diverges near the edge of a cylinder.

APPENDIX B

Antisymmetric Part of a Demagnetizing Tensor

The antisymmetric part of a demagnetizing tensor is given by

nab ~r , S! 2 nba ~r , S!

5 ~1/4p !E
S

|rS 2 r |23@~rS 2 r ! 3 da~rS!#g , [B1]

where (a, b, g) 5 (x, y, z), (y, z, x), (z, x, y). We show that the
integral in Eq. [B1] is zero when it is calculated over a closed
surface. When the origin is chosen at an observed positionr 5
0, this equation becomes

nab~r , S! 2 nba~r , S! 5 ~1/4p !E
S

rS
23@rS 3 da~rS!#g . [B2]

We introduce the polar coordinate system and express the
vector rS as follows:

rS5 ~rSsinu cosf, rSsinu sinf, rScosu! ; rS~u, f!e3~u, f!. [B3]
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The surface vectorda is given by

da 5 dudrS/du 3 dfdrS/df

5 @drS/due3 1 rSe1# 3 @drS/dfe3 1 rSsinue2#du df

5 @r S
2sinue3 2 drS/durSsinue1 2 drS/dfrSe2#du df, [B4]

where

e1 5 ~cosu cosu, cosu sin f, 2 sin u ! , [B5]

e2 5 ~2sin f, cosf, 0! . [B6]

Equation [B2] can be rewritten as

nab ~r , S! 2 nba ~r , S!

5 (1/4p )HE
0

p

duE
0

2p

dfrS
21(drS/df )e1(u,f )

2 E
0

2p

dfE
0

p

sin ud urS
21(drS/du )e2(f )J

g

5 (1/4p )dg,xHE
0

p

du cosuE
0

2p

d f cosf (d ln rS/df )

1 E
0

2p

df sin fE
0

p

sin u du (d ln rS/du )J
g

1 (1/4p)dg,yHE
0

p

du cosuE
0

2p

df sinf(d ln rS/df)

2E
0

2p

df cosfE
0

p

sinu du(d ln rS/du)J
g

. [B7]

Equation [B7] is zero; for example, the first term in Eq. [B7] is
calculated as

E
0

p

du cosuE
0

2p

df cosf ~d ln rS/df !

1 E
0

2p

df sin fE
0

p

sin u du ~d ln rS/du !

5 E
0

p

du Hcosu @cosf ln rS#0
2p 1 E

0

2p

df sin f ln rSJ
1E

0

2p

df sinfH[sin u ln rS]0
p 2E

0

p

du cosu ln rSJ5 0.
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